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1. Let z1 = 1 4+ xt = ricis 01, and let 20 = 1 + yi = rocis 6. Note that tanf; = z,tan by = y.
Then we have z120 = (14 1) (14 yi) = (1 —zy) + (x+y)i = (rirz)cis (014 62). We have that
tan(0; +62) = x”;y . Substituting x = tan 61,y = tan f2, we have tan(6; +6;) = tan 0y ttan by

1—zy 1—tan 6 tan 0y’
as desired.
2. We have
) ) (eim _ efim)(eiy + efiy) (eix + efix)(eiy _ efiy)
SINx CcoSyY + cosxrsny = - + -
47 44
(eieriy + eixfiy _ eiyfi:p _ e*'ixfiy) 4 (eix+iy _ eixfiy + eiyfix _ efixfiy)
B 4
26im+iy _ zefixfiy
B 4i
ei(m‘i’y) — eii(w+y)
B 2i
= sin(z +y),

as desired.

3. Note that x1, z9, 23, T4, 5 are the roots of 2> —1 = 0. By Vieta’s, it immediately follows that

Z CEZ'SU]' = 0.

1<i<j<5h

4. Let us first count the numbers less than or equal to 1000 that are not divisible by 2, 3, or 5.
(The problems asks for numbers strictly less than 1000, but we can include 1000 since it is
clearly divisible by 2.)

By the Principle of Inclusion-Exclusion, the amount of numbers less than or equal to 1000

which are divisible by 2, 3, or i | 140 . [ 1000 1 | 1000 _ 1000 _ 3000 _ 1o |10
500 + 333 + 200 — 166 — 100 — 66 + 33 = 734. Thus, there are 1000 — 734 = 266 numbers less
than 1000 not divisible by 2, 3, or 5. Note that 168 — 3 = 165 of these are prime (168 primes,

but 2, 3,5 have already been excluded), and that the number 1 is also not composite. So we
subtract 166 away from this count to get that there are | (A) 100 | prime-looking numbers.

5. Taking both sides of the first equation to the a-th power, we have b = ac™™”. Suppose ¢ > 2.
Then we have b = a<*” > 222005, contradiction. Thus, we must have ¢ = 0,1. If ¢ = 0, then
we have b = 1, after which it follows that a = 2004. If ¢ = 1, then we have b = a, which gives

us a = b = 1002. We have two total solutions: (a,b,c) = (2004, 1,0),(1002,1002,1), and our

answer is .

6. Note that logyx is defined only for positive . Then we have loggygs logogge l0goggr > 0.
Taking each side to the power of 2003, we have logyggs 108001 > 2003° = 1. Taking each
side to the power of 2002, we have logygg, z > 2002. Taking each side to the power of 2001,

we have z > 20012%92 or .

7. We have P(0) = e = 0. Then our polynomial is equal to x(x* + ax® + b2z? + cx + d). Suppose
that d = 0. Then we would have another factor of x dividing P(z), which would mean that
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our polynomial would not have 5 distinct real roots. Contradiction. Thus, our answer is

on

. Let the polynomial be P(z) = (z — r)(x — s)(2? + ax + b), where r, s are the two integer

zeroes mentioned in the problem, and a, b are integers. For an answer choice z to be correct,

we must have that z,Z are the roots to the polynomial 2 + axz + b. In particular, we must
(1+iv11) (1—iv/11)
4

have b = zZ be an integer. Checking choice A, we have = 3. Computing the

product similarly for the other choices yields %, %, %, %, respectively. Thus, our answer must
1+iv11
be 4y LE VI

- We have f1(11) = (1 4+ 1)? =4, fo(11) = 16, f3(11) = (1 +6)* = 49, fu(11) = (4 + 9)* = 169,

f5(11) = (1 +6 +9)% = 256, fg(11) = (2 +5 + 6)%> = 169. From here, it is clear that the
sequence repeats with period 2, so that figes(11) = fe(11) = .

We have a+2 = b+1=c=d—1=e—2. We are given that b+c+d = (c—1)+c+(c+1) = 3¢
is a perfect square, and that a+b+c+d+e=(c—2)+(c—1)+c+(c+1)+(c+2) =bcisa
perfect cube. Let ¢ = 3%5%j, where j is relatively prime to 3 and 5. We have that 3%T15°; is
a perfect square and 3%5°%1j is a perfect cube. Since each factor is relatively prime, we may
consider them separately:

We must have a + 1 be even for 3°*! to be a square, and a to be divisible by 3 for 3% to be
a cube. The smallest possible value of a for this is a = 3. We must have b be even and b + 1
be divisible by 3. The smallest b where this is possible is b = 2. Finally, we must have j be
both a perfect square and cube. The smallest value for which this is possible is 7 = 1. Thus,
our smallest possible value for ¢ is 3352 = .
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