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1. Let S = cos 7 cos 27” cos 37” Then, multiplying by sin 7 sin 27” sin 37“, we have
,7T,27T_37rS (_7T 7r)(_27r 27r)(,37r 37T)
sin — sin — sin —.5 = (sin — cos = )(sin — cos — ) (sin — cos —

7 7 7 7 7 7 7 7 7
1 2m. 1 4 1 6
= (35in =) (gsin ) (5 sin =)
1 2 3
= g(sm %)(sin ;)(smg).

1
Dividing back by sin 7 sin 27“ sin 37“, we have that S = .

2. (a) We have
cos(f + ¢) + cos(0 — ¢) = (cosf cos o — sin @ sin @) + (cos @ cos @ + sin O sin @)

= 2cos 0 cos .

Dividing by 2 gives the desired result.
(b) We have

cos(0 — ) — cos(f + ¢) = (cos b cos ¢ + sinfsin @) — (cos @ cos p — sin @ sin p)

= 2sinfsin .

Dividing by 2 gives the desired result.
(c) We have

sin(f + ¢) + sin(6 — ) = (sin 0 cos ¢ + cos O sin ) + (sin 6 cos p — cos Osin p)

= 2sin 6 cos .
Dividing by 2 gives the desired result.
3. For the following solutions, let HT‘p =a, 9_% =b,sothat 0 =a+b,po=0a—b.
(a) Using our substitution, this identity is equivalent to
sin(a + b) 4+ sin(a — b) = 2sina cos b.

Dividing by two, we see that this is the product-to-sum identity 2c, so we are done.

(b) Substitute ¢’ = —p. The identity becomes

0 ! 60— ¢
sin0+sin<,0':251n< z(p>cos< 2S0>,

which is equivalent to 3a.

(c) This identity is equivalent to
cos(a +b) + cos(a — b) = 2cosacosb.

Dividing by two, we see that this is the product-to-sum identity 2a, so we are done.
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(d) Using our substitution and multiplying by -1, this inequality is equivalent to
cos(a — b) — cos(a+ b) = 2sinasinb
Dividing by two, we see that this is the product-to-sum identity 2b, so we are done.

4. (a) Multiplying both sides by sin §, we have that the left hand side is equal to
Yo gsin(p + ia)sin§.  Applying the product-to-sum identity, we have that this is
equal to % S (cos (p+ia—§) —cos (¢ +ix+5)). This sum telescopes (that is,
the terms in the middle cancel each other out), and we find that this sum is equal
(6%

to % (cos ((p — 5) — cos (go + na + %)) Applying the sum-to-product identity, we have
that this is equal to

% (_QSin<(<p— 3‘)+(s20+na+’3)>sm<(<ﬁ— 5) — (;0+na+’§)>)

Simplifying this, we have

or
. ( . na) . ((n+1)a
sin — )sin [ —————
2 5 5 )
which was what we wanted.

(b) We proceed similarly to 4a, multiplying over by sin§. Using product-to-sum, the
LHS becomes 257 (sin (% + (¢ +ia)) —sin (— (§ — (¢ +ia)))). This telescopes to
% (sin (go + no + %) —sin (gp — 5)). Using sum-to-product, this is

Sin<(<ﬂ+na+%;)—(<p—‘5)>COS<(¢+W+3;)+(</>—§)>’

which simplifies to

1
i (50 o5+ 2).
as desired.

5. A is a point on a circle of radius 1 centered at the origin, and B is a point on a circle of
radius 2 centered at the origin. Then we have AB > AO + OB = 3 by the triangle inequality.
Since equality is met, A, O, B must be collinear in that order, so A = (cos(75 + 180), sin(75 +
180)) = (cos225,sin225). Since sinz = cos(90 — z) and cosz = sin(90 — z), we have that
A = (sin(90 — 225), cos(90 — 225)) = (sin —135, cos —135). Adding 360 to each angle, we have

A = (sin 225, cos 225), so |§ = 225° |.

6. Note that 1,2,3,5,7,9 can all be in the units place (2 and 5 must be by themselves, and 1 and
9 must have a tens digit). We can then place 4,6,8 into the tens place. It’s easy to find such
a construction ({61,2,43,5,7,89}), so our answer is (1+2+34+5+7+9)+10(4+6+8) =

& 21
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7. We have Alogsgy 5 + Blogag 2 = logyge 5427 = C. Taking 200 to the power of both sides,

10.

we have 5428 = 200¢ = 52C23C¢. Thus, A = 2C,B = 3C. We must have C = 1 for
ged(A,C) = ged(B,C) =1,s0 A=2,B=3,C =1, giving an answer of | (A) 6.

. Multiplying both sides by 7!, we obtain

5-6!=3600=7-6-5-4-3a2+7-6-5-4a3+7-6-5a4 + 7-6as + Tas + ar.

Taking this equation mod 7, we have 2 = a7 (mod 7). Since 0 < a7y < 7, it follows that
a7 = 2. We now subtract 2 from our equation and divide by 7 to get

514=6-5-4-3a2+6-5-4a3+ 6 day + 6as + ag.

Taking this equation mod 7, we have 4 = ag (mod 6). It follows that ag = 4.
Proceeding similarly, we find a5 = 0,a4 = 1,a3 = 0,a2 = 1, so our answer is 2+4+04+14+0+1,

or|[(A) 8|

. Let such a square be n?. We have that 4 - 6|n?, which implies that 42 - 62|n?, or 12|n. Also,

we have n? < 10%, and taking the square root of both sides, n < 1000. Thus, our answer is
equal to the number of multiples of 12 under 1000, which is L%J = .

T4y
l—zy’

+ .
xyy Applying

Note that tan(arctanz + arctany) = so arctanx + arctany = arctan §
1,1

+
this formula, we have arctan 3 +arctan 7 = arctan 2 11 ; = arctan Proceedlng similarly, we
23n+24 _ 7w

24n—23 ~ 4-
= 1. Multiplying over gives 23n + 24 =

have arctan ﬁ—i—arctan E= = arctan 23 Now, we have arctan 5 4+arctan = = arctan
23n+24

Taking the tangent of both sides, we have
24n — 23, which reduces to n = .
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