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. Applying Stewart’s, we have 6(4 - 2 + d?) = 72 - 2 + 52 - 4. Dividing by 2 gives 3(8 + d?) =
49 4 50 = 99, then dividing by 3 gives 8 + d2 = 33, or [d = 5.

. Let the triangle be ABC with AB = 12, AC = 15, and angle bisector AD = 10. By the
angle bisector theorem, we can let BD = 4x,CD = 5x. Recall that by Stewart’s on an angle

bisector, we have d? = bc — mn. Then we have 10?2 = 12 - 15 — 4z - 5z, which simplifies to
2022 = 80, or x = 2. Then the length of the side is 9z = .

. Let M be the midpoint of BC. Since ABC is isoceles, it follows that AM 1 BC, so we
have AM? = AB?> — BM? = 49 — 1 = 48, or AM = 41/3. Then the area of the triangle is
%2 -44/3 = 44/3. Using the formula K = %% where K is the area of the triangle, and R is

4R>
abc _ 7?2 49\[
the circumradius of the triangle, we have R = 23¢ = a5 | g |

. Remember that when using Stewart’s on an angle bisector, we have d> = bc — mn. Then it
follows that d> =6-8 — 3 -4 = 36, ord:@.

. Using Heron’s formula, we have that K = /s(s —a)(s —b)(s — ¢) = /21(6) = 84.
Then, since K = ébh, we have 84 = % 14h, or h = . (Alternatively, we may realize”
that an altitude of 12 gives us a 5-12-13 triangle and a 9-12-15 triangle.)

. Since AABC is acute, we have that O lies in the interior of AABC. We have /BOC =
2/BAC = 120°. Considering triangle BOC, with OB = OC = 1, we can drop the altitude
from O to point M on BC and use the properties of a 30° — 60° — 90° triangle to find that
BC = /3, OM = l Then, using the formula K = fgg, we have K = % V/3V12 = ?, and

plugging this in gives qut?’ L é[ , which simplifies to R =

. Using the angle bisector theorem on ANABE, we can let AB = 2x, AE = 3x. Similarly,
using the angle bisector theorem on AADC shows us that we can let AD = y, AC' = 2y.
Then, Stewart’s with angle bisector (d?> = bc — mn) on triangle ABE gives us 32 = 622 — 6.
Similarly, Stewart’s on triangle ADC gives us 922 = 2y?> — 18. Substituting for y? in the
second equation, we have 922 = 2(62% — 6) — 18 <= 322 = 30 <= 22 = 10. Plugging this
back into the first equation gives y? = 6(2% — 1) = 54. Noting that the two other sides are 2x

and 2y, and that x < y, we find the length of the shortest side to be | 2/10 |.

\/2(AB2+AC2)-BC?

. Using the median formula (derived from stewart’s), we have AD = 3 =
2(52+82)—72 | V129
2 - 9 :

. Let ZACB = 6. Using the law of sines on triangle BC'D, we have that n300 = Sm(fg@, 9) =
Slfn% This reduces to s1n0 = 22, Since ABC is a right triangle, we have that sinf = AC
Thus, we have % = AC’ or AC BD =2. Let AC =x,BD = 2 . Now, using Stewart’s, we
have

(1+2)(BC2 + z) = (%)2 L
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But by the pythagorean theorem, we have BC? = 22 — 1, giving

4
1+a)(z+a?—1)=—-+1
X

4
B4+t —1==-+1
T
22— =4+2
0=zat+223 204
=23z +2) —2(z+2)
= (23 - 2)(z +2),

o o <[ V3]

10. Let ZAPB =, /BPC =3, /CPD =~,/DPA = 6. Then we have
[ABCD] = %(24 -32sina+ 32 - 28sin f + 28 - 45siny 4 45 - 24 sin ).
Since sin o, sin 3, sin v, sinf < 1, we have that
[ABCD] < %(24 -32+432-28+28-45+45-24)
= 2002.
Since equality is met, we must have sina = sinf =siny =sinf =1l,ora=8=vy=0 =

90°. It then follows from the pythagorean theorem that AB = +/PA?2+ PB?, and similar
relationships. We then have AB = 40, BC = 4/113,CD = 53, DA = 51, giving a perimeter

of 144 + 4y/113 = | (E) 4(36 4+ V113)|.
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