
Math Olympiad and Problem Solving Programs
F120 - Intermediate Problem Solving

Problem Set 28.1 - The Division Theorem
Name: Date:

1. Friday

2. 12

3. A = 2, 5, 8, B = 0

4. 3

5. 74

6. q = 20, r = 600

7. She records data for the 12th time at 9:00am. She records data for the 11th time five hours
before, or 4:00am. She records data the 10th time five hours before that, or 11:00pm. Rather
than continue subtracting for each time she records data, let’s just figure out how many hours
ago she first recorded data.

There are 11 intervals between the 1st time and the 12th time, so the first time she recorded
data was 11 × 5 = 55 hours ago. What is 55 hours before 9:00am? 55 ÷ 24 = 2 R7. So in 55
hours, there are 2 cycles of 24 hours, plus a remainder of 7. So we need to subtract 7 hours
from the original start time of 9:00am, which is 2:00am

8. If a number is divisible by 3, then the digits must add up to a number divisible by 3. If it is
divisible by 5, then the last digit must either be 0 or 5. In other words, b = 0 or 5.

Let’s start with the smallest possible number. We know the number must be of the form
C = 5a20 or D = 5a25. Let’s add up the digits so far of C: 5 + 2 + 0 = 7. In order to
make the sum divisible by 3, we need to add 2, so we have 7 + 2 = 9, which is divisible by
3. That would mean we make a = 2, and C = 5220. Now let’s add up the digits so far of D:
5 + 2 + 5 = 12. This sum is already divisible by 3, so we do not need to add anything to it,
and we can make a = 0. So D = 5025. The smallest number between C and D is 5025.

Now let’s do the largest possible number. Again, we consider the forms C = 5a20 or D = 5a25,
with sums 7 and 12. Now we want to make the sums the largest possible. What is the largest
possible number I can add to 7 to make a sum divisible by 3? 8, because 7 + 8 = 15, which
is divisible by 3. So in C, we make a = 8, so C = 5820. What is the largest possible number
I can add to 12 to make the sum divisible by 3? 9, because 12 + 9 = 21, which is divisible by
3. So in D, we make a = 9, so D = 5925. Clearly, the largest number between C and D is
5925.

Now we find the difference, which is 5925 − 5025 = 900

9. If a number is divisible by 3 and 5, it must be divisible by 15.

How many numbers with four digits or less are divisible by 15? We compute the largest

4-digit number divided by 15, or
9999

15
= 666.6. Now we round down, and this tells us that

666 numbers less than or equal to 9999 are divisible by 15. But we only want 4-digit numbers,
and the 666 includes 2 and 3-digit numbers.
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How many numbers with three digits or less are divisible by 15? We compute the largest

3-digit number divided by 15, or
999

15
= 66.6. Now we round down, and this tells us that 66

numbers less than or equal to 999 are divisible by 15.

Now we subtract, and we get 666 − 66 = 600 numbers.

10. Let’s make some lists.

The numbers that leave a remainder of 2 when divided by 3 are 2, 5, 8, 11, 14, 17, 20, . . .

The numbers that leave a remainder of 4 when divided by 5 are 4, 9, 14, 19, 24, 29, 34, . . .

The numbers that leave a remainder of 6 when divided by 7 are 6, 13, 20, 27, 34, 41, 48, . . .

As fourth and fifth graders, you don’t have the algebraic tools to handle this problem. Un-
fortunately, the best way to do this problem at this level is brutal force. Here is a screen shot
of the Excel document I used to create long lists of the numbers:

The smallest number that occurs on all three lists is 104 .
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